EXTREMAL METRICS FOR SPECTRAL FUNCTIONS OF 
DIRAC OPERATORS IN EVEN AND ODD DIMENSIONS 



NIELS MARTIN M0LLER 

Abstract. Let (M", 3) be a closed smooth Riemannian spin manifold and 
denote by ^ its Atiyah-Singer-Dirac operator. We study the variation of 
Riemannian metrics for the zeta function and functional determinant of 
y , and prove finiteness of the Morse index at stationary metrics, and local 
extremality at such metrics under general, i.e. not only conformal, change 
of metrics. 

In even dimensions, which is also a new case for the conformal Laplacian, 
the relevant stability operator is of log-polyhomogeneous pseudodifferential 
type, and we prove new results of independent interest, on the spectrum for 
such operators. We use this to prove local extremality under variation of 
the Riemannian metric, which in the important example when {M",g) is 
the round n-sphere, gives a partial verification of Branson's conjecture on 
the pattern of extremals. Thus det V has a local (max, max, min, min) 
when the dimension is (4/c, 4A: + 1, 4fc + 2, 4A; + 3), respectively. 



1. Introduction 

Fixing a closed smooth manifold M, the determinant of a natural geometric 
elliptic partial differential operator gives a functional g 1— > det Pg on the (infinite- 
dimensional) manifold of smooth Riemannian metrics 

Metr(M) = {g G C°^{S^TM) \gis pos. def.} , 

i.e. smooth symmetric positive definite 2-tensor fields on M, given by a certain 
regularization (i.e. renormalization) of the otherwise divergent product of the 
eigenvalues A^, where |Ao| < |Ai| < ... y +00 of the operator P = in each 
particular Riemannian metric g. More precisely, one studies the functional on 
the quotient 

(1.1) Fp : Metr(M) / Diff (M) ^ M , Fp{[g]) = det P^g] 

The significance of this quotient is the identification of Riemannian metrics un- 
der the action of diffeomorphisms : M ^ M by pullback ip*g of the metric g, 
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since the spectrum of Pg is invariant under this operation. Often the functional 
has additional invariance properties, e.g. the conformal invariance in many ex- 
amples in theoretical physics, with differential operators such as the conformal 
Laplacian L acting on scalar fields, and the Atiyah-Singer-Dirac operator V on 
spinors. In quantum field and string theories, the determinant plays the role of 
an effective action (see [DCj . |Haw| ) and hence the criticality and extremality 
properties of detP are both natural and of prime interest, and critical manifolds 
have interpretations in terms of the spacetime tracks of the evolution of strings 
and higher-dimensional objects. 

From a purely geometric viewpoint, it is a fact that preciously little is cur- 
rently known about the structure of the space of Riemannian metrics on a given 
smooth manifold M, and a key motivation here is the perspective use of spectral 
invariants for such investigations. Namely, in many previously considered cases 
the determinant is known to be extremal (within the conformal class) at special 
"preferred" metrics, such as constant curvature metrics, Einstein metrics, con- 
formally flat metrics etc., depending on what the particular geometry allows. 
This was the case for the spheres in [Brl| . [Qk3j and |0n| . 2-dimensional sur- 
faces in [OPSlj . |0PS2| and 4-manifolds in [CY1| . the 4-dimensional boundary 
problem in |CQ1| and |CQ2| , where in each case the standard metric extremal- 
izes the determinant of the natural conformally covariant operators considered 
there, viz. the conformal Laplacian and the Dirac operator. 

Note also, in connection with geometric flows for finding canonical metrics, 
that the gradient flow of the determinant of the Laplacian for 2-dimensional 
surfaces is equivalent to the Ricci flow ( |QPSlj ). and indeed leads to a proof 
of the classical uniformization theorem for Riemann surfaces (see e.g. |CLT| ). 
Functional related to the determinant also played a role in Perelman's work 
(see Appendix B in [CLNj for a detailed exposition, and see also |MTj ). and a 
related flow can be utilized to find hyperbolic metrics on knot complements. 

It is important to recognize that the determinant in general is a very com- 
plicated global object, since its definition involves all the eigenvalues of the 
operator in question, and furthermore an analytic continuation procedure (or 
other essentially equivalent regularization technique). For instance for Rie- 
mann surfaces (S^,g), there are formulae for the determinant of the Laplacian 
in terms of the lengths of closed geodesies in (see |HPj . [Saj and |PR| ). 
illustrating the complicated global geometric nature of the invariant. 

The well-known, yet remarkable, fact is that the variation under changes of 
metric of the determinant (in a precise sense) is a much more locally computable 
expression. This principle is the cornerstone of most of what is known about the 
determinant. For an arbitrary conformal variation, there exists in fact formulae 
for how the determinant changes, in terms of an integral of local invariants (i.e. 
curvatures and its covariant derivatives). These are the famous Polyakov-type 
formulas (e.g. |Po| ). which were historically utilized in the work by Osgood- 
Philips-Sarnak (e.g. [0PS1| . [0PS2| ) on extremals of the determinant for 2- 
dimensional surfaces, and subsequently in the later results in these directions 
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in [M], [B02] . [CYl] . fCQl] , fCQ2] , in dimension 6 or lower. See also [SZ] for 
recent results on perturbations of the sphere through singular metrics. 

The approach with Polyakov formulas relies on explicit knowledge of heat 
invariants in terms of curvatures. To then obtain extremal results one applies 
sharp Beckner, Moser-Trudinger and Hardy-Littlewood-Sobolev-type inequali- 
ties to Polyakov formulas, after regrouping the curvature terms. Prom T. P. 
Branson's paper [Brl| we have the following theorem. 

Theorem 1.2 (Branson, 1993). On S^, for g = e^'^gca.n in the conformal class 
of the standard metric gcan having the standard volume, the determinant of 
the Yamahe operator L (resp. of the Dirac operator squared ^ ) is maximized 
(respectively minimized) exactly when the metric g is the pullback of gcan by 
some conformal diffeomorphism on {S^,gca.n)- 

For readers not familiar with the intricacies of explicit Polyakov and Q- 
curvature formulae, it is worth pointing out that the local Riemannian invariants 
that need to be handled increase tremendously in combinatorial complexity, and 
that the analogue of Theorem 11.21 has not been proven for n > 8 (see |GPj for 
relevant formulae for the case n = 8). 

In the light of this complicated nature, it is striking that one may obtain 
certain types of quite general information about the extremal properties of the 
determinant, even in high dimensions. Namely, a novel line of investigation 
(that dealt with second order geometric Laplace-type operators) was recently 
initiated by K. Okikiolu [Ok3| (and K. Richardson [Ri]). The extremals are 
now local in the metric, near a fixed ground metric, but with respect to any 
variation, i.e. not restricting to only conformal variations of the metric. The 
relevant object is the stability operator, i.e. the L^-Hessian, of Fp, at the 
ground metric g. 

(1.3) RessFp^{k,k):=D^Fp^ = -^^^^^Fp^^^^, keC^{S^M). 

where S'^M denotes the bundle of symmetric covariant 2-tensors. In the paper 
[Ok3] from Ann. Math. (2001), and further elaborated in [Qk4] l. K. Okikiolu 
developed a calculus showing that such a stability operator (i.e. L^-Hessian) 
may in many cases be understood properly in terms of a corresponding classical 
polyhomogeneous pseudodifferential operator Q as follows. 

(1.4) RessFp^{k,k) = {{Qk,k))g, 
where the inner product induced on sections by {g, {•,•)) is 

(1.5) = / (v^,V').dvol(x), for ^,i;eC^(E), 

denoting by dvol the Riemannian measure of (M, g) . 

This analysis (in |Qk3j ) showed that for the determinant of the Yamabe 
operator (i.e. conformal Laplacian) at (5^'^"'"^, ^can), by positivity of such a sta- 
bility operator, the leading part of which is a locally determined object (i.e. 
in jets of the metric and the symbol of the partial differential operator), there 
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holds local extremality near the round metric (in an appropriate topology such 
as a Banach topology on fixed Sobolev spaces, or the Prechet topology). The 
maxima and minima are strict apart from in certain natural gauge-invariance 
directions. The Laplace-Beltrami however may have saddle points (though only 
finite-dimensional). These and other examples show that the conformal prop- 
erties of the operators play an important role. 

The following table summarizes all previously known results on conformally 
covariant operators in the case of the round sphere, together with the results 
of the present paper. Note that the 2fc-dimensional cases, for k > 2, are only 
known to be true up to a finite codimension of exceptional directions, after 
taking the quotient with the gauge invariant directions as in Equation (II. Ih . 







detL 




Fixed quantities 






global max. 


global min. 


volume 






global min. 


global max. 


volume + conformal class 






global max. 


global min. 


volume + conformal class 


S^'' {k 


>2) 


local min.(f) 


local max.(*) 


volume 






local min. 


local max.(*) 


volume 


S^^+^ (k 


>2) 


local max.(t) 


local min.(*) 


volume 






local max. 


local min.(*) 


volume 



(t): |Qk5) + the present paper. 



(*): the present paper. 
The pattern seen in this table for 5^, and lead T. P. Branson to 
conjecture the following (where it should be noted that the difference in behavior 
between the Yamabe and Dirac operator is not merely due to unnatural sign 
conventions) . 

Conjecture 1.6 (Branson's conjecture, 1993, [BrlJ). On S"* for n even, the 
pattern continues, i.e. in the conformal class of the standard sphere, the quan- 
tities (— l)"'/^detL and — (— 1)"^/^ det V o-re minimized at the standard metric. 
The extremal metric is unique up to conformal diffeomorphism pullback. 

With the previous state of knowledge about the extremal properties of the 
determinant, it thus seemed remarkably fitting to investigate the determinant 
of the Atiyah-Singer-Dirac operator. As hinted at in the introduction, Dirac 
operators are certainly important objects in both modern theoretical physics 
and pure geometry. The present paper serves several purposes: (1) to ex- 
tend the stability operator (i.e. L^-Hessian) calculus for the extremal problems 
of spectral invariants to the geometrically much more involved case of Dirac 
operators, and the independent issue: (2) to give a rigorous spectral theory for 
stability operators in variational problems suitable for treating zeta regularized 
quantities in even dimensions, which involves a more broad class of pseudodiffe- 
rential operators, namely having a log-polyhomogeneous leading symbol. This 
is also a new case already for the conformal Laplacian, when the dimension of 
the manifold is even, and the spectral results proven here concludes the proof 
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of (t) in the above table, using the formulas for the leading symbols of the 
ordinary Laplacian in [Ok3j and |OWj . together with variation formulae for the 
scalar curvature. 

Furthermore we describe as an aside: (3) an approach to breaking gauge 
invariance of the variational problem, in order to apply elliptic theory, by not- 
ing that each of the relevant operators has a factorization (up to a smoothing 
operator) into a product of one truly elliptic operator and two projections that 
project onto the gauge invariance subspace of the smooth symmetric 2-tensor 
fields (as defined by the usual differential conditions). 

Taken together this leads to the affirmative answer to Branson's conjecture, 
with a certain amount of liberty in its interpretation; viz. by proving the new 
extremal results marked (f) and (*) in the above table (see Theorem [2l where 
again this is in the sense of extremals in "almost every direction", or more 
precisely that there is possibly a finite co-dimension of directions, up to gauge 
equivalence, in which the extremality does not hold. 

Finally, the present paper is part of a larger program of understanding ex- 
tremal properties of determinants in general, and it is an important prerequisite 
for the later joint work with B. 0rsted |M0] . where the complete local vari- 
ations characterization of the extremals for the Dirac operator on the round 
spheres (5'",g'can) becomes a corollary to the present paper, when applying to 
it the strong rigidity theorem for conformal functionals on (S^j^can) proven in 
p0] . 

1.1. Proof summary and statement of the results. Let {M,g) be a closed 
(i.e. compact, dM = 0) smooth Riemannian n-dimensional manifold and 
{E, (•,•)) a Hermitian vector bundle over M of rank r. We shall assume that E is 
a tensor-spinor bundle, i.e. if H is either 0(n), SO(n) or Spin(n), corresponding 
to the geometry under investigation, then 

E = ThM Xp V 

is a bundle associated to the principal bundle of i/-frames by some finite- 
dimensional representation p on V . 
Consider partial differential operators 

P : C°°{E) C°°{E) 

of order d € 2N+, acting on smooth sections and satisfying the following. 

Analytic assumptions 1.7. 

(1) P has pointwise positive definite leading symbol crd{x,^) G 'End{Ex) 

(2) P is formally positive (in particular formally self-adjoint) on C°°{E), 
i.e. 

((P(^,V))<; >o, y^,i^ec^{E) 

It is a classical fact that both the ordinary Laplacian and the square of the 
Dirac operator satisfy this. Under the assumptions, P is elliptic and has discrete 
spectrum with eigenvalues 

< Ao < Ai < • • • / oo 
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of finite multiplicity and satisfying Weyl's law, which ensures convergence in 
the following definition. 

Definition 1.8. The zeta function of P in the metric g is 
(1.9) Cp{s) = C{P, s)=Yl V'' Re ^ > 

A,>0 

with repetition according to midtiplicities. 

Standard theory (see e.g. |B01| ) gives the meromorphic structure of C, as 
recorded in the next theorem. 

Theorem 1.10. Cp(") has a meromorphic continuation to C having only simple 
poles with 

(1.11) |polesofCp(-)}^{5,^,---} 

and being regular at s = 0. If n is odd-dimensional, then 

(1.12) Cp(0) = -dimkerP. 

In the light of this, it is convenient to define the modified zeta function 

(1.13) ZiP,s) = ^^^^^+ ^^"^^^^^ 



r(s-n/2) sr(s-n/2)' 

which by Theorem 11.101 is entire in s. 

Also by the same theorem the following makes sense 

Definition 1.14. The zeta functional determinant of Pg is the real number 

detPg = exp{-Cp{0)). 

We will also require operators to be geometric, for instance in the sense of 
Branson-0rsted and others (see for instance [B01| ). 

Naturality assumptions 1.15. P is assumed to be natural as 'a rule' as- 
signing to each metric the operator Pg, being a universal polynomial in tensor 
products and contractions of 

(1) the metric g, its inverse g^^ , the Levi-Civita connection V and the cur- 
vature tensor R. 

(2) the volume form vol, if the structure group is H = SO(n). 

(3) the volume form and Clifford section 7, if H = Spin(n). 

Differential operators P will in the following be assumed to satisfy the analytic 
and naturality conditions, unless otherwise stated. 

Using K. Okikiolu's methods ( [Ok4j . [Ok3| ). we study the stability operator 
(i.e. L^-Hessian) of the modified zeta function 2{s) which has a meromorphic 
family of Hessians ^'DOs denoted T^, for s G $7 C C, with decompositions 
Tg = Us + Vs into pairs of ^'DOs with orders n — 2s and 2, respectively. The 
main result following from this analysis is the following. 
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Theorem 1. Let (M",7) he a closed Riemannian spin manifold. Assume that 
the kernel of the Atiyah-Singer-Dirac operator V has stable dimension under 
local variations of the metric, with fixed topological spin structure. 

Then the leading symbol of the part Ug as above, of the pseudodifferential 
stability operator of the modified zeta function 2{s) of ^ is given by 

tv {K.Uff + {tT KgUff"^ 

for Res < n/2 — 1. Here S = s — n/2, and is the orthogonal projection on 
e,forieT*M. 

Remarks 1.16. We point the reader to the paper [M02] for an application, 
which also serves as a simple-minded consistency check of the correctness of 
Theorem Q 

It is worth pointing out that the previous investigation of higher rank vector 
bundle cases, namely Hodge and Bochner Laplacians on p-forms in |OWj led 
to somewhat complicated expressions for the stability operator. These opera- 
tors lacked good conformal properties, and working instead with the square of 
the conformally covariant Atiyah-Singer-Dirac operator indeed reveals a very 
appealing formula. 

As prerequisites for proving Theorem [H we describe in Section [2] the basics 
of spin geometry and the non-trivial problem of metric variations of the Dirac 
operator in a general direction, i.e. not necessarily preserving the conformal 
class. The situation is more complicated than that for the ordinary Laplacians 
that act on sections of fixed, metric independent bundles, such as functions or 
differential forms. Interestingly there seems to be the misconception that only 
conformal changes are at all manageable for the spin case. This should seem- 
ingly be attributed to the fact that a fixed principal bundle may be used in the 
conformal case only, and to the fact that the spin representations do not come 
from representations of the universal double cover of Gl(n), but only from that 
of SO(n), corresponding to after a Riemannian metric has been chosen. It is 
indeed true that for a general change of metric, the underlying bundles have to 
change. However being in Riemannian signature, and for the purpose of spectral 
geometry, this can be handled (following |BGj ) via families of gauge transforma- 
tions known as the Bourguignon-Gauduchon isomorphisms. One thus obtains 
a new family of partial differential operators 

(1.17) ^y^* : C-(S^) ^ C-(S^), t G (-£,e), 

in the fixed spinor bundle (for the metric g, together with the spin structure 
denoted a "spin metric" 7), and each of which is isospectral to the Dirac operator 
in the metric g + tk, for k G S'^M. For readers that might not be familiar with 
these subjects, is included a review of the Bourguignon-Gauduchon paper |BGj 
in Appendix lAl 



2LtJ- 



i 



n—2s 



2s - (n- 1) 
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The proof of Theorem [T] is carried out in Section [5] by generahzing K. Okiki- 
olu's calculus to the spinor case (Corollary 15. 10(1 . and by calculating the explicit 
leading symbol of the stability operator (i.e. L^-Hessian) in local coordinates, 



by applying the Bourguignon-Gauduchon formula from ^GJ for the infinitesi- 
mal variation of the operator family in (jl.l7ll 

(1.18) (l''r\] ^ = -lf: ^^n^l.ie.)^ + \ k) - div. A:] .^V. 

I 1=1 

The final step in the proof of Theorem [T] is the use of certain formulae for 
the trace of endomorphisms induced from Clifford multiplication (Proposition 

EM- 

As an outline of the arguments needed for the proof of the main result on 
extremals for the determinant (i.e. Theorem [2|), we now explain the application 
of Theorem [U to obtain the extremals in a simpler case, being that of the value 

Corollary 1.19. Assume that the ground metric go is a stationary point for 
(0) . Under assumptions as in Theorem then C,^2 (0) has local maximum 

for ( — 1)'^C^2(0) at go, apart from possibly in V{M,go) + (conf-|- diff)go, for a 

finite dimensional subspace of directions V{M,go ^ C°°{S'^M). 

Remark 1.20. By extremality at go of a functional F on the space of metrics, 
apart from in the directions V{M,go) + diffgg, we mean as follows: If gt is a 
C°° -curve of Riemannian metrics with 



dt 11=0" 



k-=-.i. jt(^iv + diffgj^ = diffg/ nv^ 



where _L designates the orthogonal -complement as in il.5\) . Then there exists 
6 = 6{F, k) > such that 

(1.21) 0<\t\<6^ F{gt)> F{go). 

Proof of Corollary To apply ellipticity arguments in this situation, we 

need to break the gauge invariance. This can be done by factorizing out the 
projections onto the invariant directions, as described in detail in Section [H 
Namely, for this we solve a system of geometric elliptic equations (Proposition 
13. 4|) to find the explicit orthogonal projection onto a certain subspace diff^ of 
the tangent space of the Riemannian manifold of Riemannian metrics 



ndiffi : C°°{S'^M) ^ diff, 



go 



as a ^DO of order 0, defined up to smoothing operators, where diffgg = difffg''™ 

is the tangent space of the pullback of metrics by diffeomorphisms 

(1.22) 

diffg^™ ~ Idi I '^i^^ ^ 1-param. family of spin-diffeomorphisms|. 
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Note that the space diff|o^™ consists by (II. 1|) of zero directions for the stabihty 
operator. The result is 



ndifr^=Id-V® 



divV® 



-1 



div, 



where V® is the symmetrized covariant derivative. The projection n^^Q^£^^jg)± , 
relevant when there is conformal invariance (e.g. functional determinant in odd 
dimensions), is treated similarly in Proposition 13.41 where 
(1.23) 

confgo = l^c/o f e C°°(M)} and confg/ = jfc E C°^{S'^M) tig^ A; = o}, 
and the leading symbol of the projection is 

(1.24) aL ( n(,„„f+difr)^ ) OK = UfKUf - ^ tr {UfK)lLf 

From Theorem [U and the formula (ll.24p . the leading symbol of C^2(0) is 

1 ^^T(^ + l)^ 



'-(conf+difr)-L • 

Then using the factorization result (Proposition 16. 2p . since (^2(0) is confor- 

mally invariant for n even, we can write for the stability operator (i.e. L^- 
Hessian) 

(1.25) Hess C(0) = n(j,onf_^difr)i n(j,onf+difr)i 

in even dimension n = 2k, where Hq is a new pseudodifferential operator, now 
with a chance of being an elliptic operator. In the applications in this paper, the 
new operator Hq is in fact elliptic, and H := {—1)''H() furthermore has negative 
definite leading symbol (in other situations however, this may not be the case, 
as the examples of the Laplacian on forms in [OWj . and the half-torsion in 
|M02| show), and is symmetric with respect to the L^-inner product. 

The results anticipated in the above discussion suggest taking V to be the 
finite- dimensional subspace 

(1.26) ^ - Ek{H) 

Afc>0 

of non-negative eigenspaces for the elliptic pseudodifferential operator with pos- 
itive leading symbol H. Namely, by the spectral theory for such operators 
(which is a standard consequence of the compactness of the resolvent, e.g. also 
a special case of Theorem 14. 161 in the present paper) on the closed manifold M, 
one finds that H has finite multiplicity, discrete, pure eigenvalue spectrum with 
|Afc| — > 00, and that the spectrum is bounded from above, 

(1.27) speci? C (-oo,c], c> 0, 
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and consequently there is at most a finite number of non-negative eigenvalues, 
each with a corresponding finite-dimensional eigenspace, and hence 

diml/ < cxD. 

To verify our definition of V, note that for k {V + (conf -|- diff)gg)-'-\{0}, 

(1.28) Hess F{k, k) = {{n^,,,,^^,s)± fc, n(,„,f+diff)^ k)) = {{k, Hk)) < 0, 

using that k G (conf -|- diff and k G V-^, respectively. 

Thus, since gt is assumed to be a smooth curve of metrics, the local extremal- 
ity claim follows from Taylor's formula with remainder for real smooth functions 
(and of course it is even a strict local extremum). □ 

For the more complicated case of the determinant of and of L, or equiv- 
alently of Cp(0)i one would like to apply an approach similar to the one in the 
proof of Corollary 11.191 but must here take the s-derivative at s = in the 
expression in Theorem [TJ To treat this rigorously it is convenient to work in the 
log-polyhomogeneous symbol class, recently introduced by M. Lesch in [Le| . We 
review this in Section |4] together with the needed theory of holomorphic fami- 
lies of pseudodifferential operators. This is a relatively new class of operators, 
and we present it with slightly weaker assumptions than previous authors ([Lej. 
[KVj . [PSj ) by the use of Cauchy estimates in the holomorhpic parameter. 

Namely, in even dimensions the role of the log-polyhomogeneous class is 
essential, since the leading symbol of the stability operator of det V is of the 
form 

(1.29) |erA(x,e)log|^| + |e|"i3(x,e), Ai?eC°°(r*M,End(rM)). 

The difference between odd and even dimensions originates in the T{s — n/2) 
factor in (I1.13p . which is analytic in s at s = if n is odd, while having whenever 
n is even a simple pole at s = (see Lemma iQl) . 

To deduce the extremal results for the determinant, we need spectral results 
similar to those discussed in the proof of Corollary 11.191 above. In Section 
m we define the appropriate notions of hypoellipticity and positivity for log- 
polyhomogeneous symbols, while Theorem 14.161 gives the main spectral result, 
namely the finite index propery in the class of symmetric log-polyhomogeneous 
operators with positive leading symbol. The main ingredient in proving this is 
a Carding inequality (Corollarv I4.13p . for hypoelliptic symbols, and the simple 
observation that operators with positive leading symbol have square roots in 
the hypoelliptic class of half the bi-degrees (Lemma 14. 18(1 . 

In Section [6] we establish the explicit factorization results mentioned above 
(Proposition 16. 2p . Finally we show that the explicit symbols of the form in 
(|1.29|) . coming from Theorem [U are in the new class. This happens to be a 
non-trivial point, because for log-polyhomogeneous symbols the correct notion 
of leading symbol includes both terms in Equation (|1.29|) . and not only the 
highest log-degree. In fact in this application, the endomorphism A will be sin- 
gular, but since B is regular and sufficiently large, we can prove hypoellipticity 
(Proposition 16. 6p . 
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This will conclude the proof of the second main theorem of the present paper, 
where the extremals are again to be interpreted as in Remark [1.201 Recall that 
the determinant is always invariant in certain large subspaces of directions, for 
even and odd dimensions being diff|(f" and confgg + diff^g''"^, respectively. 

Theorem 2. Let (M",7) be a dosed Riemannian spin manifold with n > 3. 
Consider local, volume preserving variations of the metric with fixed topological 
spin structure. Assume that the kernel of its Atiyah-Singer-Dirac operator ^ 
has stable dimension under these variations, and that the ground metric g is a 
stationary point of det y . 

Then, apart from in V{M,go) + diffgg when the dimension is even (respec- 
tively V{M, go) + (conf + diff )g(, when the dimension is odd), for a finite dimen- 
sional (possibly empty) subspace of directions V C C°°{S'^M), the metric g is 
a local maximum for (— l)l-"-/2J det^ . 

Remarks 1.30. 

(1) The restriction n > 3 is technical and is due to the fact that we need 
Us, which is the locally computable part of the symbol, to be the leading 
symbol near s = 0. 

(2) We point the reader to other results concerning such alternating mod 4 
patterns for zeta regularized quantities, in the paper fM0T] . E.g. the 
sign o/logdet(y^5") is (-l)L(«~i)/2J ^ and lim„^oo det (y^ 5") = 1. 

(3) The reason for the "opposite" behavior for the determinants of the Dirac 
and conformal Laplacians is not completely evident, as has been dis- 
cussed previously from a geometric viewpoint in |Brlj . See |M02| for a 
connection with theoretical physics, which is at least consistent with this 
behavior. 

Specializing again to spheres 5", which are spin manifolds, we note that the 
standard, round metrics are stationary points for det^^^ (see e.g. Proposition 
12.101 in the present paper for a proof that works in any dimension, or see [M0] 
and [Bl| for a simpler proof in the conformally invariant situations). Theorem 
[2] applies in this case, namely the dimension of the kernel is constant, since 
the round sphere, and hence metrics close to it in the Frechet space topology 
have no harmonic spinors (though it is known that sufficiently far away from 
the round metric on S*" such spinors do exist, e.g. |Daj ). Thus we obtain as 
promised a partial verification of this version of Branson's Conjecture. 

One important application of the results proven here is to the round spheres 
(5", go), which by Proposition 12.101 are stationary points of C^2{s)^ for any 
s G C a regular point of Cy2, and hence the results apply. As mentioned in 
the introduction, in later joint work with B. 0rsted f [M0| ) we utilize Theorem 
[1] as a key component for obtaining stronger statements, namely without the 
exceptional directions. In particular V {S'^'''^^ , go) = {0} for the determinant. 
The proof relies on a remarkable rigidity theorem for conformal functionals, 
which in turn is proved using the semisimple Lie theory of the conformal group 
SO(n + 1, 1). The results obtained are: 
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Theorem 3 f |M0j ). Among metrics on S"^^ of fixed volume, the standard sphere 
,go) is a local maximum for {-!)'' {0) . 

Theorem 4 ([M0]). Among metrics on S'^^'^^ of fixed volume, the standard 
sphere {S'^^~^^ , Qcan) is a local maximum for (— 1)'^ det Furthermore, apart 
from in the natural invariant directions confcr„ + diffrr,, , the maximum is 
strict. 

The proof given in the follow-up paper [M0] is quite in the spirit of T. P. 
Branson's work on the determinant, and spells out clearly (comparing to the 
analogous paper for the determinant of the conformal Laplacian in |Qklj . which 
also becomes a special case of |M0] ). why such results are true. Namely in odd 
dimensions determinants of integer powers of conformally covariant operators 
(with trivial kernels), are conformally invariant functionals. Furthermore the 
conformal group of the standard 5" is large (it has maximal dimension), in the 
sense that it acts irreducibly on the relevant quotient. The argument given there 
is thus general and shows that on the round sphere the situation is very rigid, 
and one can in great generality expect that for conformally invariant functionals, 
the exceptional subspaces for determinants are trivial on the sphere, 

y(5",5o)) = {0}. 



2. DiRAC OPERATORS AND NON-CONFORMAL CHANGE OF METRICS 



Let M be an oriented Riemannian manifold of dimension n. Let 

J'soM = J'soiTM) 

be the bundle of oriented orthogonal frames. This is in a natural way a principal 
SO(n)-bundle. Recall the following bundle theoretical notion of spin structure. 

Definition 2.1. A spin structure on M is a principal S])m{n) -bundle Pspin-^ 
that 2-fold covers J-^qM as G-bundles, that is: 



PspinM X Spin(n) 



T^SpinM 



Hxtt 



TT-p 



TsoM 




J^soM X SO(n) — 
// M admits a spin structure it is said to be a spin manifold. 

Though defined in a Riemannian geometric setting, being a spin manifold 
is a differential topological property, and the spin structure is independent of 
the metric 5 up to a certain equivalence of spin structures (i.e. as principal 
bundle coverings). Here the interest is in changing the underlying Riemannian 
metrics. Recall that whether M is spin or not can be read off from the second 
Stiefel- Whitney class in the second Cech Z2-cohomology of M, W2{TM), which 
vanishes if and only if M is spin. When this is the case, then the number of 
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inequivalent spin structures is related to the fundamental group (assuming M 
is connected) by 

I inequivalent spin structures I = Hom(7ri(Af ), 

Recall that the spheres 5" are examples of spin manifolds, and if n > 2 the 
spin structure is unique (up to equivalence). 

Definition 2.2. // M is spin then the spinor bundle is the complex vector 
bundle 

where the associating p is as the spinor representation, andn = 2k orn = 2k+l. 

The bundle SM naturally has a Hermitian structure, denoted in each fiber 
simply by {■,-)x- This comes about by the usual procedure through averaging 
the standard Hermitian inner product on with respect to a certain finite 
group that generates ClJJ, and so this invariant inner product descends to the 
associated bundle SM. 

Recall also the definition of the associated Dirac operator. 

Definition 2.3. The Atiyah-Singer-Dirac operator ^ is the composite map 

C°°{T.M) — ^ C°°{T*M O SM) C°^{TM O SM) — ^ C°°(SM) , 

where denotes Clifford multiplication. 

Theorem 2.4 ( [BG| ). Let 7 and rj be two spin metrics corresponding to the 
same topological spin structure (i.e. to two corresponding reductions of the 
structure group from Gl^(n) to SO{n), see the Appendix). 
There is a bundle map (5 between spinor bundles 

which is equivariant so that it induces a map on smooth sections (i.e. spinor 
fields), still denoted in the same way: 

f3;^ : C°°(SM^) ^ C°°(SM^), 

with the properties: 

(1) P is a fiberwise isometry of Hermitian vector bundles. 

(2) b and (3 are compatible with Clifford multiplication, in the sense that 

(2.5) /3,^(X.^(^) = 6^(X).,/3^;>((^), 

where b is the natural map . 

The gauge transformed Dirac operator may now be described. Fixing a topo- 
logical spin structure and spin metrics 7 and r] corresponding to this and the 
metrics g and h respectively, we let 

(2.6) 7^^= (/J7)-i 0^^0/3;;. 
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Note that this operator 

is manifestly not the Dirac operator corresponding to the spinor metric 7. 
Rather it is an operator acting canonicahy on 7-spinors but having the same 
eigenvalues as the Dirac operator in the spin-metric ij. The infinitesimal vari- 
ation is given by the following theorem (see the Appendix for a review of the 
proof). 

Theorem 2.7 ([BG]). The infinitesimal variation in the metric direction k of 
the Dirac operator for spinorial metric 7 is 

(2-8) = "2 E^^-7V],,(e.)^+ 4Ktr.A:) -div,A:].^V', 

where (cj) is a g-orthonormal frame. 

Remark 2.9. The divergence div^ of the 2-form k with respect to g, is the 
covariant derivative followed by contraction, i.e. with no minus sign. 

2.1. Proof of stationarity of det^^ on round spheres. In the following 
proposition we observe that all round spheres are stationary points for the 
determinant of the Dirac squared under general volume preserving variations. 

Proposition 2.10. The round spheres {S'^,gcan) o,re stationary points (i.e. 
critical points) of the functional def^^ , with respect to volume preserving metric 
variations. In fact the whole zeta function is pointwise stationary. 

Proof. The spheres 5" (n > 2) are simply connected spin manifolds, and thus 
each has a unique topological spin structure. Prom a result by Bourguignon- 
Gauduchon (Proposition 29 in |BG| ) on standard round 5", it is known that 
if we look at a specific eigenvalue A of the Dirac operator in the standard 
metric, then the standard metric is stationary for the sum of those eigenvalues 
A(i), . . . , A(„^) with multiplicities, that branch from A under perturbation. 

Thus, working in the halfplane Res > n/2, we apply the absolutely conver- 
gent sum representation of the zeta function. Perturbing along a smooth curve 
of Riemannian metrics gt we get 

I I ^ A 1=1 ^ A ^ 7=1 



when Res > n/2. The analytical continuation of this to C is identically zero, 
which proves the claim. □ 
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3. Gauge-breaking projections as pseudodifferential operators 

In considering stability operators for zeta functions of operators of ordinary 
Laplacian type, the natural subspace of invariant tangent directions in the man- 
ifold of Riemannian metrics is 

(3.1) diffgg = | — I V'tOo (^t is a 1-param. family of diffeomorphisms | 

In the context of Dirac operators the natural subspace is 

(3.2) ^ 

difffP™ = \ -T] ffdo V't is a 1-param. family of spin-diffeomorphisms > 
^" ldt\t=o J 

For local variations it suffices to consider a fixed topological spin structure, since 
naturally we have the following. 



Proposition 3.3. 



diffg„ = differ. 



Proof. We may, by composition with , assume that = IdM, which is 
spin-preserving. Since spin structures form a discrete topological space, every 
(pt in the smooth curve from the identity in Diff (M) is spin-preserving, and the 
two spaces coincide. □ 

The subspaces diff^ and (conf -|- diff)^^ are closed inside L^-sections, since 
they are defined by elliptic differential conditions, and we shall need the fol- 
lowing proposition giving the orthogonal projections, and thus their explicit 
leading symbols, explicitly. 

Proposition 3.4. The projection maps 

n(conf+difr)^ ■■ C°°{S^M) ^ (conf + diff)^„ 
are 0th order classical polyhomogeneous WDOs on S'^M, with leading symbols 

(3 5) 

<^L{U(^,,^i+m)^)ix,OK = UfKUf -:^tr {ufK)uf. 
Explicitly the operators are given (up to '^~°°) by: 



Hdiffx =Id-V' 



70 



divV 







div, 



n(conf+diff)x = (ld-i5o-tr)|ld-V®[(div-idotr)V®] '(div-irfotr) | 

Remark 3.6. Here V® means taking the covariant derivative on 1-forms, fol- 
lowed by symmetrization. The inverses are pseudodifferential parametrices of 
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the following geometric elliptic partial differential operators of order 2: 

divV® : C^iS^M) C^{S^M), 
(div-idotr)V® : C^{S^M) ^ C^iS^M). 

Proof. Let k £ C°°{S'^M) be given. By the characterizations 

diffgo = |v®u; cj e n^M^ and diff^^ = |A: G C^{S^M) 



divgo A; = o|, 



confgo = {ipgo ipe C°°(M)} and confg/ = |A; e 



tigo A: = o|, 



projecting on the subspace is equivalent to solving the elliptic system 
(3.7) 



V®a; +{k- V®w) = k 
divgo k — divgg V®w = 0, 



for a;, respectively solving the system 

'V®0J + ifgo + {k- V®a; - ^ ■ go) 



(3.8) 



divgp /c — divgp V®a; — dtp = 0, 
trgg /c — trgo V®w — n • (/? = 0, 



for a; and (p (where we have used divg^^cp ■ go) = dip). To see that for instance 
the differential operator divg^ V® is elliptic, we note that the leading symbol is 



(3.9) 



divpoV® 



,,C) = \C\'{i + u^), 



and thus it has elliptic (and indeed positive definite) leading symbol. The 
pseudodifferential parametrix then has leading symbol 



(3.10) 



Some further computations along these lines easily lead to the claimed results. 

□ 



4. Spectral theory for log-polyhomogeneous pseudodifferential 

operators 

In order to be able to take the derivative in the s-parameter in the clas- 
sical polyhomogeneous pseudodifferential families studied in the previous sec- 
tions, one needs for even dimensional manifolds to extend the class to log- 
polyhomogenous operators, as defined by M. Lesch [Lej . 

Firstly we review the log-polyhomogeneous class on a smooth manifold 
(e.g. |Lej . see also |PS| ). Good general references for the pseudodifferential 
calculus discussed here include |Sh| and [Gi] . As always H^{M,E) denotes the 
closure of C^{M, E) with respect to the Sobolev norm corresponding to s G M, 
where E is the rank r vector bundle in which we work. 
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The class of order d symbols S''(J7,M^), for d G M and U CW^ open, are the 
functions q{x,^) in C°°(r*C7, End(R^)), which satisfy the basic estimates 

(4.1) d^d^q{x,C) < Ca,/3,K{1 + ICI)'^"''^', for ^ G W\ xeKCU compact. 

The class ^'^(M, E) of order d pseudodifferential operators consists of the 
linear operators 

Q : C°°{E) C^{E) 
s.t. in a neighborhood with a trivialization onto UxW , for an open set U C M", 

(4.2) {Qf){x)= f f e'^--y>^q{x,Of{y)dyd^, x e U, feC^{U), 

The class of classical (1-step) polyhomogeneous symbols CL°'{U,W) of order 
a G C are the functions q G C°°(r*{7, End(M'')) having a sequence of symbols 
indexed by j > with qa-j G C°°{T*U,Eiid(W)), each being homogeneous in 
^ of degree a — j 

qa-j{x,tO=t''-^qa-j{x,0, for 1*1 > 1, 1^1 > 1 
and obeying the asymptotic expansion 

oo 

Qix,^) ~ ^ga_j(a;,^) 

j=0 

as 1^1 — > oo, meaning that for each G N 

N-l 

q{x,0 - J2 Qd-j{x,0 e S^^«-^([/,M'^) 

j=0 

The class of log-polyhomogeneous symbols, extending the classical (1-step) 
polyhomogeneous symbol class, is as follows. 

Definition 4.3. For an open set U C M", we denote by CS'^'''{U,W) the log- 
polyhomogeneous symbols of order d and log-degree k, being the set of symbols 
q G P)g^Q S'^'*"^([/, M''), having an asymptotic expansion 

oo 

<lix,0 Qd-jix, 0> where 

j=0 

k 

Qd-j{x, C) = XI Id-jA^^ 

1=0 

and the qd-j,i{x, ^) are positively homogeneous of degree d — j in ^. 

Here we introduced [4], which is a strictly positive function in ^, which 
has[^] = \^\for |C|>1. 

Remarks 4.4. 
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(1) The asymptotic equivalence in this context means that for each G N, 
the N 'th difference satisfies 

N-l 

j=0 e>0 

(2) The condition on the qd-j means that they belong to the class of (matrix- 
valued) log-polyhomogeneous functions T"^~^'^{U,W). 

(3) An alternative to the use of the modification [^], is to multiply each qd-j 
by a cut-off il^ G C°°(M") s.t. = for |^| < 1/4 and = 1 for 
lei > 1/2 (as in pj; 

In the case = without any logarithms 
the classical 1-step polyhomogeneous symbols. 

Definition 4.5. We denote by C\/'^{U,W) the class of pseudodifferential opera- 
tors which can be written in the form {4-^ with symbol q G CS'^'^{U,W). 

It has been verified by M. Lesch (in |Le| ) that the usual rules of calculus 
hold for properly supported operators, also including change of coordinates by 
diffeomorphisms. This as usual allows the definition of the corresponding classes 
CL'^'^(M) on manifolds M as well as CL'^^^[M,E) for vector bundles E. The 
leading symbol map, locally cr'[{Q) := qd, is well-defined on CL'^'''{M,E) with 
kernel CL'^-^''' {M, E). 

4.1. Holomorphic families of classical polyhomogeneous ^'DOs. In this 
section we review the topic of holomorphic families of classical polyhomogeneous 
pseudodifferential operators with the specific goal of understanding how the 
setting in [Ok4] fits with the log-polyhomogeneous class CL^''^{M) just defined 
above, i.e. we want derivatives of the family to be in this new class. Such issues 
have been addressed earlier, i.e. see |Lej . |KV| . [PSj and others, who dealt with 
somewhat different settings. The exposition here is not meant to be complete, 
but serves to explain the reduction on the assumptions, in for instance |PSj . to 
those in the present context. 

The definition of holomorphic families of classical ^'DOs will be as follows in 
order to match the conditions in [Ok4| . 

Definition 4.6. // we have a family of 'I^DOs 

Qs : C°°{E) ^ C^{E) 

depending on a parameter s G 1^ C C, then we will say that Qs constitutes a 
holomorphic family of polyhomogeneous iPDOs if each Qs is (classical 1-step) 
polyhomogeneous of order where 

/i : ^ C 



EXTREMAL METRICS FOR DIRAC OPERATORS 



19 



is holomorphic, and on any local trivialization of E, Qg has symbol q{s,x,^) 
which is smooth in {s,x,^), holomorphic in s, and satisfies the estimates 

N-l 



(4.7) 



d^d^Jq{s,x,0-Y.1f^is)-j(^^^'0) <Ca,/3(l + |el)^^'^^^^-^-'-l^', 
V i=o ^ 

uniformly for x and s in compact sets. 

Noting the absence of d] in the above expression, the symbols in this class 
may a priori seem to be too weakly estimated with respect to the needed s- 
derivatives. As is seen from the proof of the following proposition, the use of 
Cauchy estimates remedies this. 

Proposition 4.8. Let Qs be a family of polyhomogeneous \PDOs, which is 
holomorphic in the sense of Definition \4-6[ with corresponding symbols q{s,x,^). 
Then in a trivialization on U: 

(1) Each homogeneous term qj{s,x,^) of Qg is holomorphic in s € Q, with 
derivative dsqj € Vf'^'^-^'^U). 

(2) For each s G ri, dsq is in CS'^^^^ '^{U,W) with symbol expansion 

j 

(3) As operators on fixed Sobolev spaces, the family has first derivatives 
dsQs e C^^'^'^^\M,E), I.e. 

dsQs ■■ H\M,E) H^-^''i'^'^-^{M,E), Ve > 0. 

The leading symbol of this operator is the holomorphic derivative of the 
family of leading symbols of Qs ■ 

Proof. To see the first assertion we apply the recursive recovery formulae for 
classical polyhomogeneous ^'DOs 

i-i 



Qd- 



{s, x, = lim t-^'^-^) 



i— >oo 



q{s, X, tC) - ^ qd~k{s, X, t^) 



k=0 



Using the estimates (14.7(1 the convergence here is seen to be uniform for x, ^ 
and s in compact sets. This implies inductively the analyticity of the qj terms. 
Using the homogeneity we find that dsqj{s,x,S,) equals 



ds 



'sqj[s,x, 



+ 



{dsfJ-)qj\ s,x. 



log G 



To check that dgq G S'^^^^^^ for all e > 0, we apply Cauchy estimates, which 
for holomorphic / gives 



l/^"ns)l 



< 



if \s — Sol < £■ 



With this and the locally uniform estimates (14. 7p . we get that 



(4.9) 



d^d^^dsq{s,x,0 <C«,A.(1 + IC|) 



Refi{s)+e-\f3\ 
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uniformly for x and s in compact sets, for any e > 0. 

To verify the asymptotic expansion we use the definition of polyhomogeneity 
and continuity in s to obtain estimates for each N and e > 

N-l 
j=0 

uniformly for x and s in compact sets. Applying again Cauchy estimates shows 
that the A^'th difference 

Af-l 
j=0 

for any e > 0, and this was precisely the claim. Standard arguments now 
show that the considerations for the symbols of the family lead to (3) in the 
proposition. □ 

Remark 4.10. It is implicit to this discussion that we use a multiplicative cut- 
off (in S,, as in Definition \4-3^ on q{s,x,£,), which amounts to changing Qs by a 
family of smoothing symbols. 

By {4. 7\ ) this modifies the family dsQs by a holomorphic family of smoothing 
operators. As is easily seen, the properties of having compact resolvent and 
semi-bounded L'^ -spectrum are thus unchanged. Consequently the cut-off will 
not affect the spectral results given in the main Theorem \4-16\ below. 

4.2. Ellipticity, positivity and spectrum of log-polyhomogeneous *DOs 

The usual notion of ellipticity for pseudodifferential operators is quite strong and 
does not carry over naturally to the log-polyhomogeneous classes CL'^'''{M, E). 
The reason for this is that the parametrix will generally only be of class Ch~'^'^{M 
and not in CL~'^~^''^(M, E), whenever e > 0. The following weaker notion of hy- 
poellipticity is more adequate. We will not need the general classes HS^'^'' (J7, W) 
and describe here only what corresponds to (p, 5) = (1,0). 

Definition 4.11 ([Sh], 5.1). For real numbers do < d, the subclass HS'^''^o(C/,R'') 
of hypoelliptic symbols is the set of (matrix-valued) functions 

where ?7 C M" is an open set, such that 

(1) For any compact K (IJJ there exist constants R, Ci and C2 such that 

CilCf" <\qix,0\<C2\Cf, \C\>R, x^K. 

(2) For each compact set K C U there exists a constant R such that 

-i(^,6[5f5fg(^,e)]| <c,,/3,/^iei-i"i, iei>i2, xeK, 

for suitable Ca^p^K- 
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An account of the standard results on these symbols can be found in |Shl 
5.1]. First of all (since {p,S) = (1,0) implies 1 — p < S < p) the notion ex- 
tends to (vector bundles over) manifolds. We have indeed RS'^''^{M,E) C 
S'^{M,E), and we note that hypoellipticity is determined by the leading sym- 
bol in S'^{M,E). We see that operators in RS'^''^° {M , E) map Sobolev spaces 
}i{M,Ey R{M,Ey-'^, for any s e M. A crucial feature of the hypoelliptic 
class is the existence of a parametrix, as follows. 

Theorem 4.12 ([Sh], Thm. 5.1). Let Q G RS'^''^" {M , E) . Then there exists an 
operator P £ RS-'^°-'^{M,E) such that 

QP = I + Ru PQ = I + R2, 

where Ri,R2 G 

From this we may immediately observe that the hypoelliptic class has a cor- 
responding Garding type inequality. 

Corollary 4.13 (A hypoelliptic Garding inequality). IfQ G RS'^''^° {M , E) then 
there exists a constant Cq^d^do such that 

ll/lldo <CQ,d,do(||/||o + ||g/||o), for /GH'^«(M,i?). 

Proof. Let / G H'^o(M,£;), apply Theorem [132] and use boundedness between 
Sobolev spaces to estimate as follows 

ll/lldo = WPQfU + Pi/IUo 

<CQ\\QfU-d + C'Q\\f\\o 
<CQ,d,d,{\\fh+\\Qfh). 

□ 

We can now define the correct generalizations of the notions of ellipticity and 
positive symbol to log-homogeneous operators. 

Definitions 4.14. 

(1) The class of hypoelliptic symbols with positive leading symbols, denoted 

BSY°{M, E) 

are those symbols in HS'^''^" (M, E) having a leading symbol representative 
af and a constant R such that 

cr^(x,^) is strictly positive in {End{Ex), {■, ■)x) for |^| > R. 

(2) The class of log-polyhomogeneous symbols that are hypoelliptic with pos- 
itive leading symbols is 

HCL^''(M,S) := CIJ^'^{M,E) n Q HS++^''^ 

e>0 
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Remark 4.15. As mentioned in the introduction there is an important point 
here, in that the leading symbol of a log-polyhomogeneous operator includes ev- 
ery log-power of terms with highest \^\-power. Hence the notion of positive 
leading symbol does not imply hypoellipticity . Namely the term with the highest 
log-degree may still be singular (while not negative), which is the case in the 
application we have in mind. 

The basic spectral results needed for dealing with the stability operators (i.e. 
L^-Hessians) encountered here, are the following results, quite analoguous to for 
instance Lemmas 1.6.3-1.6.4 in Gilkey's book [G]], stated there only for partial 
differential operators with smooth coefficients. 

Theorem 4.16. On a closed manifold M, suppose Q G HS'^/"{M,E) with 
< do < d < do + 1 is symmetric on the domain C°°{M,E). Then Q has 
a real discrete spectrum, consisting of finite multiplicity eigenvalues {A^}, with 
|Afc| — > oo, and which is bounded from below, i.e. there exists a constant c > 
such that spec(Q) C [— c, oo). 

Corollary 4.17. Theorem\4J^ applies to HCL'J;'^(M, £■) with d > by fixing 
an arbitrary < e < 1 and taking {d + e, d) as the bi-degree. In particular 
operators in this class can have at most a finite number of negative eigenvalues. 

Before proving this theorem, there is a small interlude to show that we can 
take square roots of positive leading symbol hypoelliptics, as needed below in 
the proof of Theorem 14.161 

Lemma 4.18 (Square root lemma). Let do > I and fix the notation that \f- 
means using a partition of unity to construct an operator with leading symbol 
being the square root of the original leading symbol. Then we have 



(4.19) yHS'J;'*"(M,£;) C HSi'^(Af,^) 

Proof. Denoting the leading symbol by cjl. Property (1) is clear since |(Jl| = 
|(t]^'^^P, viz. by the C*-identity for r x r-matrices. 
For (2) we see accordingly 

7|<|q! 
\&\<\P\ 

from which the required estimates | • | < Cq,^^(1 + |C|)~'"' follow, using do > 1 
and the assumption that ai S HS'^'^"(M, £■). □ 

Proof of Theorem \4.16[ Discreteness of the spectrum follows from Rellich's lemma 
on compactness of the resolvent on the compact manifold M, using the para- 
metrix from Theorem 14.121 

For semi-boundedness we may assume that do > 1, or else take integer powers 
of the operator. We construct an operator Ao as above in the square root lemma 
(Lemma |4T8]) . Letting A := A^Aq we have 

{Af,f)o = {Aof,Aof)o, and Q - A G S''-\ 
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Now 

{QfJ)o = {{Q-A)fJ)o + {AfJ)o, 
for / e C°°{M). The first term is estimated by 

\{{Q - A)f, /)o| < C||/|U„/2||(Q - ^)/||-do/2 
< C\\f\\do/2\\f\\d~l~do/2- 

By Lemma 14.181 we can apply Garding's inequality, Corollary 14.131 
(4.20) 11/11^0/2 <^(ll/llo + Po/||g). 

For any 6 > we estimate, using Sobolev interpolation for < d — 1 — (io/2 < 
do/2, since we are assuming do > 1 and < do < d < do + 1, 

(4.21) 

\{{Q - A)f, /)o| < C||/|U„/2||/|U-l-do/2 < 511/11^0/2 + C{d)\\fh,/2\\fh 

<26\\f\\l/, + Ci5)\\f\\l 
<2Cs\\Aof\\l + C2{6)\\f\\l 
Choosing 5 > such that 2CsS < 1 finally proves 

{Qf, f)o > \\Aof -\{{Q- A)f, f)o\ > -C2{5)\\f\\l 

□ 

5. The stability operator for the zeta function of the Dirac 
OPERATOR: Proof of Theorem [T] 

Before deriving the formula for the stability operator, we describe the re- 
cent work by K. Okikiolu and by Okikiolu-Wang on pseudodifferential stability 
operators (i.e. L^-Hessians) of spectral zeta functions, and it's extension to 
Dirac type operators. The paper by Okikiolu |0k4| contains major results 
needed in the present paper, namely the detailed heat kernel analysis in the 
construction of the L^-Hessian and explicit formulae for its leading symbol. 
The setup explained in the introduction leads naturally to the generalization of 
the stability operator (i.e. L^-Hessian) calculus to the spinor case, and hence 
may be used for the proof of Theorem [TJ 

Initially, we shall need to recall a few facts on the structure of the set Metr (M) 
of Riemannian metrics on the manifold M. First it is clear that this set is 
always a non-empty, convex (positive) cone inside the set C°°{S'^M) of smooth 
symmetric covariant two-tensors on M. In fact it can be given a structure as an 
infinite-dimensional (Riemannian) manifold in various ways (see e.g. [Ebj and 
[EG]). 

The Sobolev spaces can be defined as follows 

Definition 5.1. H'''{S^M) is the completion ofC°°{S'^M) with respect to the 
norm \\ ■ \\r defined as 

\\k\\r = ^((V^fc, V^A;))^^, k e C^{S^M), 

s<r 
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where g is a fixed ground metric. 

Smoothness of the functional allows the stability operator (i.e. -L^-Hessian) 
to be defined rigorously. On Metr(M) we take as smooth topology the Frechet 
space topology coming from the collection of norms || • ||r- If r > m/2 we denote 
by Metr(M)'" the closure of Metr(M) in H''{S'^M). The Sobolev theorem shows 
that then H^{S'^M) is contained in the set of continuous sections of S'^M. If 
K C C is compact and Hol(K) is the set of holomorphic functions on (open sets 
containing) K, given the supremum norm, then one has the following result, 
where Zp{-) is as in (|1.13l) with P satisfying these analytic and naturality 
assumptions. 

Proposition 5.2 ([Ok4]). Suppose k,r Gfi with r > k + n/2 + 1, and suppose 
K O {s £ C|Res > k + n/2 + 1 — r}. Then the map g Zp{-) is a k-times 
continuously differentiable map from H^{S'^M) to Hol(K). 

The L^-Hessian of the modified zeta function Z evaluated at A; E C°°(5^M) 

is 

(5.3) RessZ{Pg,s){k,k) = -.. Z{Pg+tk,s). 

Let P be a second-order operator (i.e. from now on 21 = 2). Assume that 
the structure group H is 0(n) or SO(n). If this is the case and we require 
the analytic and naturality assumptions, then P is a geometric Laplace-type 
operator. If we furthermore impose that P has stable kernel in a neighborhood 
of the ground metric, K. Okikiolu has recently proved: 

Theorem 5.4 ( [Ok4j ). For s E C, there exists a unique symmetric pseudodiffe- 
rential operator Tg (P) , 

Ts : C^{S'^M) C^{S'^M), 

such that 

(5.5) Yless Z{s){k,k) = {{k,Tsk))g. 

The operator Tg is analytic in s. For s ^ n/2-|-N^ there exist polyhomogeneous 
pseudodifferential operators Ug and Vg of degrees n — 2s and 2, respectively, 
such that Tg = Ug -\-Vg. The operators Ug and Tg are meromorphic in s with 
simple poles located in n/2 + N"*". For general s, the polyhomogeneous symbol 
expansion of Ug is computable from the complete symbol of the operator P. In 
particular, there is a simple algorithm to compute the term Ug of homogeneity 
n — 2s. Furthermore, we can differentiate in s to obtain 

(5^6) U^Q'z(s)(k,k) = {{k,Q'T,k}^, 

and the principal symbol of {d/dsfUg is equal to the leading order term of 
{d/dsYug (provided it does not vanish identically) . 

The symbol Ug can be computed as follows. Let x E M and take coordinates 
on M which are orthonormal at x, and take a local trivialization of E on a 
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neighborhood of x to obtain coordinates for E . Suppose that in these coordinates 
the operator P' = ^\^^_^Pgj^tk is given at the point x by 

(5.7) ^'=^, 

where a and (3 are multi-indices and ^ is an N x N real-valued matrix (for 
each choice of the indices i,j,a,(3). Set 

(5.8) <-^(s) = — —. r, where b = s . 

^ ' ^ ' \47rJ r(-2S' + 2)' 2 

Then at (x,^) € T*M, the value ofUs{x,^) e End(S'^M)^ is given by 
{us{x,Ok)ij=v"-^C{s) Md^,d'',d\d',x,Otv{j^lp{x)A>;[s{x))kM, 

\a\ + \P\=2 

b\+\s\=^ 

k,l 

where the terms Us{d'^,d^ ,8'^ ,x,^) are given as follows (I denotes identity 
on Ex): 

Usid,dkJ,dpd„I,x,0 = 4(452 - l)^Mpm"~^'~^ 
u,idj,dk,dpd„l,x,0 = - 2(4^2 - l)(MpCg\^r^-'-\ 

usidj,dk,dp,dg,x,o = (45^ +2S- 2)06^p?gier-''-' - (25 - i)4,oepier-''-', 

us{l,djdk,dpd„l,x,0 = (45^ - 25)ei6?p^,|er-''-' + (25 - l)^^,^^^^,!^!"-''-', 

us{i, d,dk,dp, dg,x, = - (252 + 5 - i)^Mp^i\^r^'~' 

us{i,djdk,i,dpdg,x,o = {s^ + s)^j^k^p^g\^r-^'-^ 

+ 1(5 - i)6,k^p^,\cr''-' + lis - mj^kSp,\cr''-' 
5 

-^{^jk^pq + ^jp^kq + ^jq^kp)\ir'~'^^ ■ 

We may more generally let E' be a tensor-spinor bundle, as in Section 11.11 
The adaptation to this case follows immediately from the details of the proof 
in [Ok4| . Note that the usual heat kernel estimates are applicable here, in 
this broader class of generalized Laplacians (see e.g. Chapter 2 in |BGV| ). As 
explained in Section[2]and AppendixEl the Bourguignon-Gauduchon transform 
allows us to consider a family of operators in a fixed vector bundle, and as in 
|Qk4j . the main term in the analysis is 



/ / {u + vYPle-''Pple-''^dudv, 

J Ju+v<l 
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where P^. is the derivative at t = of the operator P along a curve of metrics g+ 
tk. The proof then proceeds completely analogously, noting that the arguments 
are local after the point where one trivializes the bundle E and applies normal 
geodesic coordinates locally on M. 

On the local level the analysis relies on the same standard estimates and 
analysis in Euclidean space, for elliptic operators with matrix-valued symbols, 
as in the non-spinorial Laplacian case. Note that the Clifford multiplication in 
the definition of the Atiyah-Singer-Dirac operator in (12.3(1 just comprises the 
choice of one specific endomorphism field, while the proof in [Ok4| works for 
any such globally consistent construction involving a fiberwise action of the 
endomorphism bundle of a vector bundle (e.g. the spinor bundle). 

Remark 5.9. Concerning the gauged Dime operators, we note that one could 
try incorporating square roots of (natural) symmetric endomorphisms into the 
concept of natural geometric tensor-spinor operators. Here, this is not neces- 
sary, since, as can easily he verified, both P, P' and P" (i.e. differentiating 
and evaluating at zero perturbation) are in this case natural (see Theorem \2. 7)) . 
which is all that is needed for the proof in |Qk4j to go through. We thus have 
the following corollary. 

Corollary 5.10. On the closed Riemannian spin manifold M , let P be a second 
order differential operator in C°°{E) satisfying the Analytical assumptions \1.7\ 
and Naturality assumptions li. 151 Then the above Theorem \5.4\ and Theorem 
|5.^| hold for this operator as well. In fact it also applies to the Bourguignon- 
Gauduchon gauge transformed squares of Dirac operators, which are not natural 
in that particular sense. 

As mentioned above the endomorphisms in the trivialization of i?, represented 
by matrices in Theorem 15.41 in the spin case are induced by repeated 
Clifford multiplication. A crucial step in the following will be to find and 
express the traces of these endomorphisms in a manageable way. 

To prove Theorem [H using Corollary 15.101 we find the local coordinates 
expression of the derivative of the Dirac operator, using the gauge transform of 
Bourguignon-Gauduchon and first variation formula in Equation ll.lSi 

Remark 5.11. To give results of the type in TheoremUl i.e. with the leading 
term as stated, there is always the qualifier that the right hand side does not 
vanish identically. Note that the zeros of the T-factor are all the region in 
Res > n/2+1, and thus there are surely no zeros in the half-plane Res < n/2—1 
considered here. 

We will show the following result on the local form of the first variation of 
the Dirac operator 

Proposition 5.12. In a trivialization of E and in normal geodesic coordinates 
{xi} in a neighborhood of x G U C M, i.e. = gives an orthonormal basis, 
we have 

(5.13) {f\ = J2 Dl]h,dkdi+Y^ ^kiidkh,)di+Y, Bl]idkdihj)+DOTs, 

i,j,k,l id,k,l i,3,k,l 
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where the endomorphisms of the fiber (SM^)^; have the matrix coefficients 
D'ki = SikSjild, 

(5.14) A'^i = -\[5ki5ijld - 6ji5ikld + 6jiekei), 

all as Clifford multiplications on the spinor fields. 

Remark 5.15. Here and later in this derivation, we disregard terms that are 
not of total degree 2 in the number of derivatives falling on k plus the number 
of spinor derivatives. In a mnemonic: 

". . . " = DOTs = Degree Other than Two's 

Proof. Recall the local representation (lA.lSp . From this and Theorem 12.71 we 
see that 

i,j j 
i,j j 

3 iJ 

i,j j 

3 

We rewrite this using the Clifford identities 

Xei + eiX = -2g{X,e^), X£C^{TM), 

to see that 

\ H^^9 k) - divg k] .^ejVe^i^ + \Y^3 H^^^g ^) " divg k] .^Ve, -0 

3 j 

j 

and pick up some DOTs, namely the terms 

i,3 iJ 



28 NIELS MARTIN M0LLER 

to get the expression 



= + Ve,V;,^(e^,))V^ _ [^(trgfc) -diVg fcj^.Ve,^ 



^ + DOTs. 



■7 
J 

Everything will now be expressed in the normal geodesic local coordinates {xj}, 
using the frame of coordinate vector fields {di}. By Gram-Schmidt orthonor- 
malization (which is a smooth process) on the frame field {Sj}, we also get 
the smooth local orthonormal frame field {cj} which at x coincides with {di}, 
since this is already orthonormal at x. Thus also g^j^^ = 6ij. We insert this 
special orthonormal frame in all the above formulae and denote by ip the field 
of invertible linear transitions 

(5.17) a = ip\di. 

Note that (p\]^^ = 5l and that (p only depends on the ground metric g and the 
chart, but not on the tangent field k. 
In local coordinates we have 

(5.18) Kg{d.{) = g'^kkrdu 

(5.19) Kg{ei) = g^\%idp, 

(5.20) {5k) j = g'^hj^k = 9ik (dkhj - r[fyj - Vi^ku^ , 

(5.21) {d{tig k)). = dj (^g^'^kik) = g"' (djhk - T\fyk - r^^A:,,) , 

using the convention of Einstein summation. The last equality follows easily 
for instance from the fact that the Levi-Civita connection, extended to tensor 
fields, acts as the exterior derivative on functions, while commuting with musical 
isomorphisms and tensor contractions. 

Using the above with (|A.13|) to write everything locally, and picking up some 
more DOTs, we see 



d a , a a 

aKg{e,) ae, + aei aKg{e,) 



-\T.9"'[idjhk)i--idkk,,)i-]iJ 

+ 1 E [ejel£-{g''{^lk,k-^kku)}]^l^ + DOTs. 



4 

i,j,k,l 

To obtain the canonical form we rewrite, using that (/^-derivatives are DOTs. 
d d 



dKg{ei) dsj 



gP'^ikkidpiip'jdg) = gP'ip[kkiip]dj,dg + DOTs, 
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d d 

dei dKg{ej) 



+ DOTs. 



Evaluating at x, the center of the normal geodesic coordinates, we get 



E\ d a , d a 
^i^i aKg{e,) dej + aa aKg(ej) 



= '^eiej{kkidkdj + kkjdidk) + y^CjC j{dikkj)dk 

i,j,k i,j,k 

= -2 ^ kijdidj + ^ CiCj {dikkj)dk. 
The final expression is thus 

+ ^ ^ ejCk [djOkhi - didjkik] + DOTs. 

From this formula, the above expressions for A, B and D can now be seen 
directly. □ 

For deriving the leading symbol of the stability operator, we fix some conve- 
nient notation, similarly to what has proven convenient in [0 Wj . 
(5.22) 

1/2 



^ ^ kfj , ti k — ^ ^ kii . 



{k • — ^ij^ji C ' ' — kij^i^j, \k\ 

-j i,i 
As can easily be computed 

(Kgiif) =kij-\i\-^y^hkikij, 

(^•23) tr {K.iiff = - m-^\k . + ■ k . e)^ 

(tri^,n^^)2 = ier4(e -k-o'- ■ k ■ m^k) + {nkf. 

Using the local form of the infinitesimal variation (|5.13|1 one may also define 
the coefficient symbols, formally substituting for each di. 

i,j ij,k,l 

By the coefficient components we mean 

i,j id 

For the sake of book-keeping, express Us as a sum 



i,j,k,l 



Us = C{m, s) + ) + + -u^^) 
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where the individual terms can be calculated as [QW| 
(5.26) 

j i 

{k, n(3) (x, k) = (23 - l) |Cr-2^-^| leP tr ( J] a'ff [^k • 0, + ^,{k • 0. 



+ • e) tr ( - - 2a(°)) + |^|2(tr A;) tr ( - a^^^ + 2a 

{k,uf\x,ok) = dimEier-2'-^(5- ^ 

( - 2|^|2|A: • C|2 + (e • A: • 0' + |^|'(^ • 0(tr fc) 
+ dimElCr'^ Q tr (K,n^^)2 + i(tr K.Uff'^ . 
The various quantities needed are found from Equations (|5.14l) . 

cT« = -i((trfc)iep-(e-fc-o + e(fe-o) 

(^•2^) cT(°) = ^((trfc)ee-C(A:.e)) 

^i!^ = -■^((trA;)(5fc/ - kki + ek^CikuY 



(0) 



Note that here the expressions involve Clifford multiplication. E.g. ^(fe • 
means Clifford multiplication by the vector k ■ ^ followed by multiplication by 
^, two operations that do not commute, and note that ^ \(,\'^. To evaluate 
the four parts of the leading symbol, we need to take traces in the fibers of the 
spin bundle. For this it is convenient to concentrate some technicalities into the 
following proposition. 

Proposition 5.28 (Trace of an endomorphism of repeated Clifford multiplica- 
tions). Let {cj} be an ONB of TM^. Let I < ii < • • • < 121 < n be numbers 
such that / ii for / 1. Then 



(1) tr(n'Lie.„) =0, 



where the trace is taken in the fiber T,Mx ~ , where the vectors act through 
projection in the Clifford algebra, according to the identifications: 

C4+i=^M2.(C)eM2.(C). 
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Furthermore denoting the metric on T^M by {■, •) we have: 

(2) tr (ab) = -dim E {a, b), a,b£T^M. 

(3) tic{abcd) = dim E^{a,b){c,d) — {a,c){b,d) + (a, c)|, a,b,c,d S 

(4) tr{abab) = dimE^2{a,b)'^ - |ap|6p|, as a special case of (3). 

Proof. By the trace property iv{ip o tp) = tr(^/; o ip)^ calculating in the Clifford 
algebra and using that the vector action gives an algebra morphism: 

(2/ \ / 2/ \ / 2/ \ / 2/ 

r=l ^ ^ r=2 ^ ^r=l ^ ^r=l 

which proves the first statement. 

Applying (1) with I = 1 and expanding in the basis, we see 

tr(a6) = ^aVtr(eiej) = ^ {-(dim^)5ijaV+(l-(5,j)aV tr(eiej)} = (a, 6). 

Continuing in this inclusion-exclusion fashion, we see that 

trieiCjekei) = -6ijtT{ekei) + (1 - 6ij)6iktr{eiejekei) 
+ (1 - 6ij){l - 5ik)5u trieiCjekei) 
+ (1 - 6ij){l - 6ik){l - 6ii) tiieiejCkei) 

= dimE^5ij6jk - (1 - 5ij)5ik5ji + (1 - - 5ik)5ii5jk + o| 
Thus expanding in the basis we get 

iT{abcd) = dmiE ^ a^h> c^d^^SijSki - (1 - 5ij)5ik^ji + (1 - - kk)^ii^jk^ 

i,j,k,l 

= dim£^|(a, b){c, d) — {a, c){b, d) + (a, d){b, c)| , 
which is (3). □ 

The proposition gives in particular the following useful formulae. 
Corollary 5.29. 

=-dimE\C\\ 
trm)=dimi?|e|^ 
tr(C(fe•0) = -(^A:•e), 

tim-mik-()) = 2{^.k.cf-\^\^\k.^\^ 

Finally we can apply the preceding to complete the proof of our main Theo- 
rem [H 
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Proof of Theorem d To find u^^^ , we evaluate the trace 
tr(a(2)-2a«+4a(0))' 

= tr ((e • A: • + (tr -(^.k.O+ak-0 + (tr - C{k ■ 

= tr ((tr + (trkfCCCC + mWtrkf^^ 

= 0, 



thus giving (^k,ui \x,S,)k^ = 

(2) 

For Us we calculate 



a, 



(1) 



^ ^ [(tr + (A: • e),' + C( 5] efcfcfc,)^( ^ ek^kk^, 
- 2(tr k)^j{k ■ + 2(tr k)dYl O^'^i) " ^^(^ " ( ""^kk 



Taking the trace gives 



tr 



E E&4 



(1) 



n 2 



dimi? f 



||eP(trA:)2 + |A;-eP + 2^^e,Ee^'^'^^7 " 1^1' E Y.^kkk 



-2{iTk){i-i)-2{iTk)U,Y,^kiM + 2U,Y,''k{k-i)jkkj 

^ j,k ' ^ jk 

^^||eP(tr A:)2 + \k ■ + 2\k ■ - 1^^^ - 2(tr fc)(e • • 6 

-2(trA:)(C-/c-C) + 2|A;-eP^ 
^||eP(tr A.)2 + 5|A: • - lePlA^P - 4(tr fc)(C • • o}- 
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Now we calculate the term 

tr {a^'^f = i tr |(tr /c)2|^|^ + . . + ■ O^k ■ - m\tr ^ 'k-O 
+ 2|eP(trfeX(fc•0-2(^fe•e)C(fe•0} 

- mHtvk){^ -k-o- mHtvk){^ .k.^)+2{^.k-o' 
|(tr + 5(e • • 0' - \i?\k ■ - m'i^^km • ^ • o}- 



dimE ( 



4 

Adding up the contributions we finally get 



To find ui^^ we calculate 



tra(o) = i|tr(CO-tr(C(A;-e))} 

-|(^fc•o-leP(trfc)|, 



dim EM f 



traW=-^||^P(trfc)-2(e-A..0}. 
(3) 

Another ingredient of Ug is 

^ ~\^^{^ [i^^k)5ij - kij + ej^Cfcfefcjj • +^j{k ■ Oi) 

^ i,j k 

= - ^ tr |2(tr • - 2|fc • + e ^ e^fc^, (fe • Oi + (k ■ ^Yl ^k^J^kj^ 



j,k j,k 



dim£^ 



2(trA;)(C-fc-0-2|fe-C|2-2|fe.C| 



2 

|2 



= dim£; 2|fc-^|^-(trfc)(e-A:-0^ 



Thus collecting terms we find 
{k,u'f\x,0 k) 
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Summing up the contributing terms ui''^ the leading symbol written as {k, Us{x, ^) 
equals 

\2 



n—2s 



i.i_,/ixf r(-5 + i 

KAttJ r(-25 + 2) 
which completes the proof of Theorem [H 



2s-(n-l) ti {KgUf)'^ + {tr KgUf)'^ 



□ 



6. Gauge breaking and factorization of stability operators of 

spectral invariants 

To find the leading symbol by differentiation, we need to pass back to the 
unmodified zeta function and summarize this transition in a lemma. We 
introduce the notation 

2k+l ^ k ^ 

i=i i=i 

and extract for convenience the F-factor for Res < n/2 — 1, writing 

r(—Q _i_ n2 

HessZ(s) = ^ \; \ Wis). 
^ ' T{-2S + 2) ^ ^ 

Then we have the following lemma. 
Lemma 6.1. 

(1) //n = 2A;+ 1 odd, then HessC'(O) = ^2^^^^^W^(0). 

(2) Ifn = 2k even, then HessC'(O) = p^0{vr'(O) + r/fcVF(0)} . 

To apply Lemma 16.11 we note that in Theorem [T] 



1 \ - 



47r 



2 |^|n-2s 



1^1 



2s- [n-l] 



tr {KgIlff + {t,KgIlff 



Using this and polarization, we find that 

• If n = 2j + 1 is odd then 

<Ti[Hess,C'(0)](i,OKs = 

• If n = 2j is even then we have 
aL[Hess3C'(0)](a;,Oi^, 

(-i)^icr 



^tr(n^-i^,)n^- 



' 2(2^y(2i + l)! 

n^^i^.n^^ + (n - i){n^^i^,n^^ ' {^tKg)Yif}[ log |e| - | 



Proposition 6.2. (Factorizing out projections) 
We can factor out the projections on invariant directions as follows (n > 3). 
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• Forn = 2j + 1 odd there are H2j+i G S"(M, S^M) and C{n) > s.t. 

HessC'(O) = (-!)■' n(conf+difr)-L H Il(^^^^f_^_^^g^± 

• Forn = 2j even there exists H2j G CL"'^(M, S^M) and C(n) > s.t. 

HessC'(0) = (-l)^ndiff^i7ndiffx. 
The leading symbols are respectively 

(6.3) aliH2j+i)ix,0=C{nMr, 

(6.4) a2{H2j){x,0 = C(n)|Cr[/+ (n- l)(log|e| - |)^(x,0 , 
where <I>(x,^) : S'^M S'^M is the orthogonal projection map 

^{x, i)K, = n^^K.n^^ mK,)iif 

These factorizations are not unique, since addition of invariant expressions re- 
mains undetectable. In addition each H can be chosen symmetric with respect 
to the L?' -inner product. 

Proof. Prom the above expressions for the leading symbols of the stability opera- 
tors (i.e. L^-Hessians), and of the projections in Proposition [3]U the proposition 
is true on the leading symbol level, writing 

HessC'(O) = Ily^LIlyi_ +R-1, 

for V either (conf + diff )g(, or diffg^ , and where L has the leading symbol that 
remains after factorizing out the leading symbols of the projections. Pinally 
R-i is the remainder term of order n — 1 or (n — 1, 1) respectively. Note that 
in the even-dimensional case, we can factor out Iljjgi by using 

(conf+diff)^^ ^diffg^o- 
Now the full stability operator has the corresponding invariant directions, i.e. 
Hess C'(0) = Uv± Hess C'(0) Uyi_ 

= Uy± {L + R_l)Uy±. 

Hence by defining H = L + R^i, which leaves the leading symbol unaltered, 
the factorization also includes the remainder term and we have 

(6.5) HessF = ni?n. 

Using the symmetry of the Hessian and the projections H, we see that aver- 
aging in (16. 5|) with the formal adjoint H = \{H* -\-H) gives a symmetric choice 
of H with the desired properties. 

□ 
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Next is to show that these leading symbols are in fact both positive and 
hypoelliptic. As mentioned in the introduction, the fact that in even dimensions 
the term of highest log-degree is singular (namely contains the projection $) 
complicates the construction of the parametrix. As the following proposition 
shows, it can be done via slightly refined estimates, using the explicit symbol 
structure of the stability operator. 

Proposition 6.6. The symbols from Proposition 1 6. ^1 satis fy 

H2j+iemiiM,S^M), 

G rcl"^:\m,s^m). 

Proof. The statement concerning H2j+i is immediate. For the positivity of 
<^L{H2j) for large |^|, it follows from (16. 4p . since $ is a projection. Equivalently, 

(n-l)tr {Kgllff > [ii KgYlf)\ 

which is nothing but Cauchy-Schwarz' inequality. 

It is needed to verify the estimates in Definition 14.111 and here Property (1) 
is immediate. 

For (2) we let e with < e < 1 be arbitrary and show that it belongs to the 
hypoelliptic class of bi-degree (n + e,ra). We shall apply the following general 
formula, valid for any orthogonal projection 11 and a G — 1}. 

-I QJ 1 

(6.7) (i + an) =/ n = /-n n. 

We need only to prove Property (2) in Definition 14. 1 II for the symbol a, defined 
by 

(6 8) aix £) = ^L{H2,){x,i) 

^i^'^J c(n)iei" ■ 

Equation (16. 7p gives the following formula 



(6.9) = (/-$) + 

l + (n-l)(log|e|-f) 

Having written as a sum of the projection onto the orthogonal complement 
and a term with 1/log |£|-decay for large |£|, we get the following estimate. 

(6.10) \a-^^\ < C-\- lel large. 

log 1^1 

By differentiating the identity 

(6.11) $ = $^ 

using Leibniz' rule, and that $ is homogeneous of degree in |£|, i.e. 

(6.12) |af9fc^,|<c„,^(l + |^|)-", 

we inductively get estimates on all derivatives of $ as follows 

(6.13) |^-i[a^"5f$]|<C„,^^ljti^, large. 
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With these estimates, the symbol 

a = / + (n-l)(log|C|-|)c^(x,e) 
is easily seen to satisfy Property (2) in Definition 14.111 as claimed. □ 

7. Completion of the proof of Theorem [2] 

Proof of Theorem The proof of the main Theorem [2j giving the generic ex- 
tremal behavior of the determinant of the Dirac Laplacian det ^ , can now 
finally be carried out as explained in the introduction, using the same strategy 
as in the proof of Corollary 11.191 

Namely, by Proposition [621 the stability operator HessC'(O) factorizes in both 
even and odd dimensions, into a product of projections onto gauge invariance 
directions, and operators Hn in dimension n. By Proposition l6.6l these modified 
stability operators H2j+i and H2j belong to the spaces HS" (M,5^M) and 
RCLYiM,S^M), respectively. Thus we may apply the spectral results on 
semi-boundedness and pure eigenvalue spectrum, tending to infinity and of finite 
multiplicity, as proven in the main spectral result. Theorem 14.161 Again, as in 
Equation (ll.26p . one defines the finite-dimensional subspace as the finite direct 
sum of finite- dimensional eigenspaces for eigenvalues of the sign opposite to 
that of the leading symbol. In other words the Morse index of the determinant 
functional is finite at critical points (under the assumptions of Theorem [2]). 
Arguing again analogously to Equation (11.28(1 in the proof of Corollay 11.191 this 
completes the proof of Theorem [2j □ 

Appendix A. The Bourguignon-Gauduchon gauge transform of 

the Atiyah-Singer-Dirac operator 

For the convenience of the reader, we include a more detailed summary of the 
paper [BG] on the Bour guignon-Gauduchon isometry and its use in finding the 
variation of the Atiyah-Singer-Dirac operator. This is essentially a commented 
translated excerpt of the paper [BGj (see also [ Bo| and [Maj ). 

Let V be an n-dimensional vector space and denote by the convex cone 
of metrics (i.e. inner products) on V. If 5 is a metric on V we denote by 
^O^g ^ the space of g-orthonormal bases, which has a right action of 
0(n). All these actions are free and transitive. Note that if / E J^oVg, then 

g = if-'re, 

where e is the standard metric of M". 

Given two metrics g and h we get a g'-symmetric and positive automorphism 
Hg of V by duality: 

(A.l) h{u,v) = g{Hg{u),v), u,v£V 

_ 1 

Note that this is just the usual index-raising from Riemannian geometry. Hg ^ 
is, by its very definition, an isometry of inner product spaces. 
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Proposition A. 2 ( [BGj ). Let g and h he metrics on V . Then the map 

K ■ ^oVg ^ J'oVh 

given by b^{f) = Hg o f ^ using the positive square root of the symmetric 
positive endomorphism Hg, is natural in the sense that: 

(1) bi = {b'^^r\bi = id, 

(2) bg commutes with the right action o/0(n) on TV. 

(3) Ift^gt is a smooth curve from go to gt, then bg*^ gives an isotopy from 
•^oVgo to J^oVgt- 

It so happens that there is a more geometric way of viewing the map bf^. 
For this, remember that is a principal right 0(n)-bundle with the bundle 
projection 

p 

defined by = (/~^)*e. By the polar decomposition of Gl(n), this bundle 
is globally trivial. The fiber of g is ToVg and the tangent space TjTV may be 
identified with L(M", V). Let s^^V and 5^^V be the subspaces of L(y,M") which 
respectively have anti-symmetric and symmetric matrices with respect to /. 
The subspace s^fV \^ the vertical subspace of the bundle and S^fV is a natural 
complement. The distribution of subspaces / i— > -S^jV is 0(n)-equivariant, since 
symmetry of matrices is preserved by orthogonal conjugation. Thus it is the 
horizontal distribution of a certain 0(n)-connection in the principal bundle, 
which we will call the natural connection on {J^V,p). 

Proposition A. 3. |BGj Let g,h £ .J^V. The map 6^ coincides with the hori- 
zontal transport in TV with respect to the natural connection, along the curve 
t ^ (1 — t)g + h joining h and g inside ^V . 

This more geometric version extends directly to the spin case. For this we let 
TV be a realization of the universal (double) cover of TV . Every fiber ToVg 
is covered non-trivially by a manifold ToVg diffeomorphic to Pin(n) and the 
elements are called the spinorial bases of V relative to g and the covering TV . 

To see that there is in fact a diffeomorphism, one may apply polar decompo- 
sition in Gl(n). This gives a deformation retract of TV onto ToVg., which by 
algebraic topology lifts to a deformation retract of TV onto the space 

ToVg ■.= T^-^[ToVg), 
which is therefore simply connected and is thus the universal covering. 

Proposition A. 4 ( [BGj ). The natural transformation b, which to each pair 
of metrics g and h associates the diffeomorphism bf^, lifts to a natural trans- 
formation (3 of the spinorial bases TV , which to each pair of metrics g and h 
associates a Pm{n)-equivariant diffeomorphism from ToVg to ToVh- 
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The preceding extends to the case of a Riemannian manifold M, and we get 
a Spin(n)-equivariant bundle map 

Here 7 and r/ are spin metrics that both correspond to the same topological 
spin structure. See [BG| and Milnor |Mi| : one considers the group Gl^(n) of 
matrices with positive determinant and realize a spin structure is as a principal 
Gl+(n)-bundle, denoted !F~^M, which is a double cover as G-bundles of ^"'"M, 
the positively oriented frames on M . 

The spinor bundles obtained by associating are denoted by subscript 7 as 

Again, the Spin(n)-eqmvariance ensures that 

(A.5) i3^^{[^M)--=WMM 

is well defined, so that /? is a bundle map between spinor bundles 

if both spin metrics 7 and r/ correspond to the same topological spin structure. 
When this is the case it induces a map on smooth sections (i.e. spinor fields), 
still denoted in the same way: 

Note also that by the very definition of the Hermitian structure and of (5 in (|A.5p . 
(5 is an isometry of Hermitian vector bundles. Another important property is 
that b and /3 are compatible with Clifford multiplication, in the sense that 

(A.6) (37,{X-^^) = hl{X).^(3^^{^). 

A.l. Variation of the Dirac operator and of its eigenvalues. The gauge 
transformed Dirac operator may now be described. Fixing a topological spin 
structure and spin metrics 7 and rj corresponding to this and the metrics g and 
h respectively, we let 

(A.7) ^r=[P^r^)-^oroPl 

Note that this operator 

is most definitely not the Dirac operator, generically, corresponding to the 
spinor metric 7. Rather the important point is to consider it as an operator 
acting canonically on 7-spinors but having the same eigenvalues as the Dirac 
operator in the spin-metric rj. As such we shall now derive the corresponding 
infinitesimal variation. 

One expression for the Dirac operator is 

n 
i=l 
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using a g-orthonormal frame (cj) and the spinor connection corresponding to 
7. Note that we use ~ to denote lifted quantities, i.e. is the lifted spin 
connection in 7. 

Theorem A. 8 ( [BG| ). The transformed "'^'^ of the Dirac operator acts on 
a 'j-spinor field as follows 

(A.9) 



1=1 
1 



4.=i 



■7 



where (cj) is a g-orthonormal frame and ^ = — is the difference of the 
Levi-Civita connections for g and h. 

Remark A. 10. The formulation here differs from that in [BG| . This is seem- 
ingly just a matter of convention, i.e. here we map u(^v 1-^ uv, while a definition 
consistent with [BGj would he to map it to ^uv instead. Note that this ambiguity 
disappears in the next theorem, which is the result we will apply in the present 
paper. 

Proof. Define the transformed spin connection by 

As might have been expected this is the lift of the transform of the Levi-Civita 
connection, defined as 

which is a g'-metric connection (by the isometry property), but not necessarily 
torsion free. By using the transformed spin connection, however, we get 

(n K n 

i=l ^ %=\ ^ * 

by using (|2.5p . ^^(cj) = Hg (e,) and that by the isometry (6^(ei)) is an h- 
orthogonal frame, which may be used for writing the Dirac operator with respect 
to the spin metric r\. 

Note that in (|A.9p it needs to be explained why and how the expressions 



define elements in the Clifford algebra. Note that ^A^Y is tensorial in Y, as 
opposed to the connections themselves. Every {p, (/)-tensor field T G TqM is 
mapped to a Clifford section as follows: Raise all indices using the metric and 
apply the canonical projection in the definition of the Clifford algebra. Note 
that this is only injective if the tensor is anti-symmetric (and this is the case 
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here, as follows from being g'-metric). 
It suffices to prove that 
1 

4 L 



^ X 



X 



Note however (see e.g. |BGV| or |LMj ) that for two connections V^^^ and V^^^ 



X 



i=l 



SO that 
(A.ll) 



V 



(1) 

X 



V 



4fv 



(1) 

X 



V 



V', 



(A.12) 
since again by [BGV| 

(A. 13) VxV' = di^{X) - ^Y,u;ijiX)eiej^, 



viewing in a trivializing neighborhood as a function 



Thus in the case at hand: 



TV'' 



X 



^ X 



■7 



Finally by direct computation 



9V\ + Hl'^ o V^^ o _ ^1/2 ^ ^-1/2 ^ y 



X 



X 



H]" ° v^ o H-y^ 



9V\ 



X 



^ X- 



□ 



The second step used the calculus rule 
(A. 14) \/x° A = AoVx + '^xA, 

where A £ C°°(End(rM)) is a smooth section of endomorphisms. 

Let k e C°°{S'^M) be a symmetric tensor field, namely a tangent vector at 
g in the space of Riemannian metrics on M. We now deform the metric gt 
through a smooth curve of metrics, having k as derivative at t = 0, for instance 
gt = g + tk (e.g. small t, M is compact), and find the variation of the Dirac 
operator, still for a fixed topological spin structure. 

Before indulging into the proof itself, we mention the following lemma, con- 
cerning the variation of the Levi-Civita connection, which is easily proved used 
the Koszul formula in a commuting basis of vector fields. 
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Lemma A. 15. The infinitesimal variation of the Levi-Civita connection cor- 
responding to gt is the 3-tensor field (raising one index in the ground metric 
90 = g) 



(A.16) (V^*)'(X, Y,Z) = ^ [{V'xMY, Z) + (Vf.)A;(X, Z) - {V%)k{X, Y) 



Now we can continue the proof of the theorem as follows. 
Proof of TheoremlEl Applying (|A.9p with Hg = {Gt)g gives 



1=1 

»7[V tjg y l/2f^^^^\ t)g ^^^1/2^^^^^ V t)g 

1=1 



Everywhere (cj) denotes a g-orthonormal frame, i.e. a fixed one corresponding 
to the ground metric. Firstly, we fix the somewhat abusive notation that if Qt 
is any t-dependent object, then Qq = Q and 

at |t=o 

To proceed we need a few basic derivatives 

(A.17) ({Gt)f/\X))' = ±\Kg{X), 

(A.18) (Vi)'=(V^)' + V?^^), 

(A.19) {V'^fit)' = Vf^^yQ + V'xiQt)' 

— 1/2 

from these and similar, noting also {Go)g = /d, we get 

This last derivative was found in the above Lemma fA. 151 We also note that by 
(lAl7)l . (lAl9l) and Id = 0, we have 

The final step is a tensor contraction, which is conveniently carried out in 
index notation, using (cj) and the corresponding fundamental tensors. Consider 
the 3-tensor T{X,Y,Z) = — V^(A, y) and calculate, preserving orders of the 
tensor products. Here and elsewhere eiCjCk means {ei).^{ej).^{ek)-'-j. 
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^ ] Cj.^ [^(ej, •, ■)].-y — ^ ^ kij^kCiCjek — ^ ^ ka^^ei- ^ ^ kij,k^i(^j('k 

= XI ^^^.fc^ifc ~ = ['^(^^ ^)] .7' 

using the Clifford relations for orthonormal bases, as well as the symmetry of 
the tensor field k, i.e. kij = kji. 

Letting the 3-tensor T be T{X, Y, Z) = Vf.(X, Z) 

n 

^ ^ ^1-7 [-^(^i) ■) Ol'T ^ ^ kikjeiCjei; = — ^ ^ kii^' jC^- — ^ ^ kif^jejeiek 

i=l i,j,k i,k i,j,k 

= — [ divg A;] ^ — ^ ^ kikjejei^k + ^ ^ kajCj 

i+k 

= - [ divg fc] - X] ^ik,kei - + [d(trg fe)] - ^ fcji.iCi 



• 7 L a J. 7 

Adding up these contributions finally proves the theorem. □ 
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